Abstract. The equations of motion for the associated constrained Lagrangian to a nonholonomic Lagrangian of second order are computed. The spinning particle subject to the Heisenberg constraint is treated as example and its dynamics is completely explicitly.
Introduction
In the last years it has been shown an increasing interest in nonholonomic mechanics especially from a geometrical point of view. Following the methodology of [1] , where the nonholonomic Lagrangians of first order are treated, we obtain the equations of motion of a nonholonomic dynamical system involving accelerations by using the associated constrained Lagrangian. A very interesting fact is that these dynamical equations involve the curvature of the horizontal distribution characterized by the nonholonomic constraints; this curvature is non-vanishing due to the non-holonomic character of the constraints.
This type of Lagrangian is illustrated in the second section by the spinning particle subject to the Heisenberg constraint, [1, p. 29] . The corresponding dynamical system will be called then Heisenberg spinning particle. Let us note that the free spinning particle is a 12-dimensional system while this Heisenberg spinning particle is a 9-dimensional one and the complete solution is presented in the last section. This paper is dedicated to the Academician Radu Miron on his 85th anniversary since he devoted more than fifty years to the subject of nonholonomic geometry ( [4] , [6] ).
Equations of motion in second order nonholonomic dynamics
The starting point of our approach is a configuration space given by an n-dimensional manifold Q, for which we consider the tangent bundle of order two
Let us suppose that the evolution of the considered dynamical system is described by the following objects: 1. a second-order Lagrangian, that is a smooth map L :
2. a set of m independent one-forms {ω a (q)} 1≤a≤m whose vanishing gives the constraints of the system. with classical Euler-Lagrange equations:
and supposing that the constraints are of nonholonomic type, we can choose a local coordinate chart and a local basis for the constraints such that ([1, p. 217]):
where q = (r, s) ∈ R n−m × R m and α ∈ {1, ..., n − m}.
From (1.2) it results that:
3) which, by substitution into (1.1) yields:
. (1.4) Equations (1.4) combined with the constraint equations:
gives a complete description of the equations of motion; notice that they consist of (n − m) fourth-order equations and m first-order equations. Remark that another form for (1.5b) is:
where:
Following [1, p. 31] we define an associated constrained Lagrangian L c by substituting the constraints (1.5) into the Lagrangian L:
(1.7) A direct coordinates calculation get:
(1.8d)
A long, but straightforward computation gives the equations of motion for L c :
Several remarks are necessary: 1) The coefficients B does not depend of Lagrangian but only of constraints. 
Example: the Heisenberg spinning particle
According to [3, p. 4147 ] the Lagrangian of classical spinning particle is:
on Q = R 3 where we will use the classical notation (q i ) = (x, y, z). The Euler-Lagrange equations for the free Lagrangian (2.1) are:
Consider the nonholonomic constraint of Heisenberg-type ([1, p. 29]):
which gives:
(2.4a)
The constrained Lagrangian is:
We have: m = 1, s 1 = z, r 1 = x, r 2 = y, 
where z (2) is given by (2.4a). Also:
Therefore:
The right hand side of (1.9a) is:
(2.9b) since 2 B= 0 and then the equations (1.9a − b) gives:
Another form of these equation is:
With notations of [3, p. 4147 ] the free Euler-Lagrange equations have the first integrals:
provided by the fact that the commutative group R 3 is a Lie group of symmetries of L. The constrained equations (2.10) can be written:
  dp 1 dt = −y dp 3 dt , dp 2 dt = x dp 3 dt .
(2.13)
Both the Lagrangian L and the constraint (2.3) are invariant by z-translations in R 3 i.e to the action (R, +) × R 3 → R 3 , (λ, x, y, z) → (x, y, z + λ); this means that the Heisenberg spinning particle is a R-Chaplygin system conform [2, p. 103].
The complete dynamics of the Heisenberg spinning particle
The complete solution of the free spinning particle (2.2) is:    x(t) = x 01 cos t + x 02 sin t + x 03 t + x 04 , y(t) = y 01 cos t + y 02 sin t + y 03 t + y 04 , z(t) = z 01 cos t + z 02 sin t + z 03 t + z 04
with all x 0. , y 0. , z 0. real constants. The presence of the trigonometric functions as well as the t-part of this solution show indeed that the particle describe a rotation movement along a center in translation.
The Heisenberg constraint (2.3) reads:
−z 01 sin t + z 02 cos t + z 03 = (y 01 cos t + y 02 sin t + y 03 t + y 04 )(−x 01 sin t + x 02 cos t + x 03 )− −(x 01 cos t + x 02 sin t + x 03 t + x 04 )(−y 01 sin t + y 02 cos t + y 03 ).
(3.2)
In the right-hand-side of this equation we have the term (x 03 y 01 − x 01 y 03 )t sin t + (x 02 y 03 − x 03 y 02 )t cos t and then by vanishing of this expression we derive the existence of a real scalar λ such that:
In conclusion, the general dynamics is:    x(t) = x 01 cos t + x 02 sin t + x 03 t + x 04 y(t) = λx(t) + y 04 − λx 04 z(t) = (y 04 − λx 04 )(x(t) − x 04 ) + z 04 . which means that the Heisenberg spinning particle is a 7-dimensional dynamical system.
Suppose that the initial position is the origin0 = (0, 0, 0) of R 3 . Then (3.4) becomes via x 01 + x 04 = 0 and y 01 + y 04 = 0:    x(t) = x 01 (cos t − 1) + x 02 sin t + x 03 t y(t) = λx(t) z(t) = 0. which means that the dynamical system modeling this Heisenberg spinning particle has 4 degrees-of-freedom. An important remark here is that the trajectory is a line in the xOy plane. Of course, the relation (3.5) is written according to the non-vanishing of the coefficients x 01 , x 02 and x 03 . The curve t → x(t) is plotted in Figure 1 for various values of these coefficients. For the first curve we have chosen x 01 = x 02 = x 03 = 1, for the second curve x 01 = 2, x 02 = x 03 = 1, for the third one x 02 = 2, x 01 = x 03 = 1, and x 01 = x 02 = 1, x 03 = 2 for the last curve.
